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Abstract

A careful analysis of rf and microwave scalar reflectometers is conducted to (1) reveal the
advantages of 4-port over 3-port reflectometers, (2) show the advantage — and remaining
weaknesses — of a reflectometer initialized by the open/short method and (3) present expressions
for the worst-case errors in scalar reflectometer measurements.






Introduction

RF and microwave reflectometers are often used in conjunction with scalar receivers to make
moderate accuracy reflection coefficient measurements. This report discusses the theory involved
in such measurements in the following five different sections:

I. Representation of reflectometers and notation.

Il. A good way to initialize a scalar 4-port reflectometer.

iHl. Irrelevance of detector reflection coefficients.

IV. Advantages of a 4-port reflectometer over a 3-port reflectometer.
V. Worst-Case Errors of a well-initialized scalar 4-port reflectometer.

I. Representation of reflectometers and notation.

Figures 1a and 1b show schematic representations of 4-port reflectometers based on a
directional coupler and a power splitter—directional bridge combination, respectively. For analysis
purposes, Figure 1¢ shows the signal flow diagram representation of a 4-port reflectometer. A
signal source - whose internal source reflection coefficient is g - drives port 1 of the reflectometer.
The initialization and unknown devices are connected to port 2 - the test port. The true reflection
coefficient of any device connected to test port 2 is denoted as z. The signal measured at port 3
is primarily proportional to the signal emergent from test port 2 of the reflectometer (i.e. incident
on the device connected to port 2) while the signal measured at port 4 is primarily proportional to
the signal reflected from the device connected to test port 2. Thus, the ratio of the latter signal to
the former signal is approximately propartional to the reflection coefficient of the device connected
to port 2. The ratio of the traveling wave voltage emergent from port 4, b,, to the traveling wave
voltage emergent from the generator, bg, may be found from the signal flow graph as

2(821542 _S22541)+ Sa

b _ S41(1—Zszz)+S212S42 _ 1-85, 1-gS8, _hz+e 1)

b, 1-g8, -2z, +g5,25, — 25,25, Z( 25,5, — 85,8, — S, J L S
1-g8§,,

where:

h, e and f are functions of g and the S-parameters of the reflectometer as suggested in
equation (1);

ps and p,4 (in Figure 1c) are the reflection coefficients of the detectorsonports 3 and 4,
respectively; ’

ps and p, were set to 0 during the derivation of equation (1) in anticipation of the result of
section lll. (There it is shown that the values of p; and p4 are arbitrary when the
reflectometer is initialized by the preferred technique described in section Il.) Equations
(1) through (4) would be much more cumbersome if p; # 0 and p, = 0.
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Figure 1a. Directional Coupler Figure 1b. Splitter - Directional Bridge

Figure 1c. 4-Port Signal Flow Diagram
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Taking the ratio of the preceding two equations gives the measured ratio, wy,,, of the emergent
traveling wave voltage from port 4 to that at port 3 as
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where q, r and s are complex functions of the S-parameters of the reflectometer as indicated in
equation (4).

For 3-port reflectometers, one uses equation (1) for the measured ratio because port 3 is not
present; for 4-port reflectometers, one uses equation (4).

Il. A good way to initialize scalar reflectometers.

If a vector receiver is available to measure the complex ratios and the complex S-parameters of
the reflectometer are known, then very accurate reflection coefficient measurements can be
made. It is, however, much iess expensive to use scalar sensors, which respond only to
amplitudes, on a reflectometer; unfortunately, accuracy decreases when scalar detectors are
used. This section discusses a way to mitigate the loss of accuracy through use of a well-known
initialization procedure.

Equations (1) and (4) show that both b,/bs (measured on a 3-port reflectometer) and b,/b;
(measured on a 4-port reflectometer) are given by linear fractional expressions. Because of this,
the development in this section Il is applicable to both 3- and 4-port reflectometers. For
convenience, the development will be carried out using the notation for the 4-port reflectometer.

When making scalar reflectometer measurements, one must take the magnitude of equation (4)

to obtain
b z+r
w20l gz er]
by |sz+1]|
Of course, it is desirable to obtain an estimator from the scalar reflectometer that very closely

approximates |z]. Clearly, |wy| is not that estimator since the parameter g may differ significantly
from unity. The desired estimator can be found by “initializing” the 4-port reflectometer.

6

First, a poor way to initialize the reflectometer is described in the following 3 steps:



Step 1: Measure an open circuit, i.e. z = e™, at test port 2 which gives

[ge™” +r]
|se™? +1|

lw, = (6)

Step 2: Divide equation (5) — which results from measuring the unknown device -~ by equation (6)

to obtain
|se'j¢+1|+r}se'j¢+1|
|w, | _|gz+r||se? +1] | lge”’+r| |qe™’ +r| -
[w, | |sz+1||qe'j¢+r| |sz+1|
or
W | _ g+ "
lw,| |sz+1]|

Step 3: Equation (8) shows that the estimator jwy/w,| equals |z] IFr'=s =0and |q'] = 1.
Unfortunately, r’ and s are often large enough to cause significant errors themselves and
they drive |q’| [equation (8)] away from unity because q’ has first order dependence on r

and s as seen in equation (7).
A preferred, well-known, procedure for initialization is given in step 4 through step 6 which follow:

Step 4: Measure the unknown and open circuit to get equations (5) and (6) as shown above.

Step 5: Measure an offset short circuit, i.e. z= e¥™*¥ which is 180 degrees out of phase with the
open circuit, to get

_lge?" P +r| _|-ge” +r] ©)
|se /P 11| |-se? +1|

|w, |

Step 6: Divide equation (5) by the square root of the product of equations (6) and (9) to obtain

lw, | _lqz+r]| [se™ 41| |-se™ +1]|
WSWOI—|sz+l|\/lqe’j¢+r||—qe'j¢+r|
or

[w, | lgz+r]| | |-s’e’* +1]

wswo|=|SZ+1|\/|—qze_j2¢+”2| ,
or

| s’ /% +1| [—s’e™ /% +1|

W, | _lq\/|—qze_j2¢+r2|Z+r\/|—q2€-ﬂ¢+r2|| o
w, |w, - [sz+1| (
or



lw, | _lg"'z+1"|

= 11)
Wo| lSZ+1| (

w

s

where q” is the coefficient of z in the numerator of (10) and r” is the final term in that numerator.
From equation (4), it follows that

S41 ~ S41

r_ (12)
g S385u—S8pSy 8§18,

where the approximation holds because [S2;S41| << |S21S42| for both circuits shown in Figure 1.
Furthermore, |r/q| =~ |d| <<1 since the coupler or directional bridge will have high directivity, i.e. very
small |d| = [S41/S4g, if it is used in a reflectometer application. Also, as previously mentioned, Is®
<<1 so the (twice- occurring) radical in the numerator of equation (10) reduces to approximately

[1/q].
| w, |

Equations (10) and (11) therefore show that —\/]__T_: is a better estimator because q” has only
wS WO

second order dependence on the small, but inevitably present, r and s parameters! |q”| will
therefore more closely approximate unity than does |q’| as defined by equations (7) and (8). Steps
4 through 6 therefore define a preferred technique for initializing a scalar reflectometer.

While use of the open-short initialization technique gives a very good value of g, the same
cannot, unfortunately, be said for r” and s. Equations (7), (8), (10) and (11) show that the value of
s in the denominator is not affected at all by the preferred initialization process. Secondly, in
equation (11), |r"] = |r/q| = |d|, so the effective directivity, |r”], remains approximately equal to the
device directivity |d|. Consequently, measurements of unknowns will still be in error due to both
the directivity of the directional device and multiple reflections between the unknown and the
effective source match of the reflectometer.

1. Irrelevance of detector reflection coefficients.

Equations (1) through (4) characterize the traveling wave voltage amplitudes while most
detectors respond to power. Furthermore, detectors always reflect a small portion of any signal
incident upon them. However, the reflection coefficients (p; and p, in Figure 1c) of the detectors
do not influence the results from a scalar reflectometer that is initialized by the preferred technique
described in the preceeding section. Again, this is true for both 3- and 4-port reflectometers as
shown in the following paragraphs.

Of course in practice, power, rather than b, (i = 3 or 4; x = m, s or o) is measured at each
sidearm port of a scalar reflectometer. The relationship

[ g "

(1—,03 A (l_pf )P3x

shows a familiar relationship between powers and traveling voltage waves where
P, is the power absorbed by detector i when voltage wave by, is incident on it;
Z, is the (real) characteristic impedance of the system;
piis the magnitude of the reflection coefficient of detector i.

[Bas
‘b3x




Using this relationship and refering to equations (4) and (11), the preferred estimator for a 4-

port scalar reflectometer is given by
2
4m P4m 1 - p3 4m
2
b3m _ 1- p4 N

B g JW::

b3s b3o
This shows that the preferred estimator is independent of both detector reflection coefficients.

b

(14)

IV. Advantages of a 4-port reflectometer over a 3-port reflectometer.

It is important to notice that parameters q, r and s in equation (4) are entirely independent of g -

the reflection coefficient of the source which drives the 4-port reflectometer. (Note that —s =T,

the effective generator reflection coefficient? of the 4-port reflectometer. In general, |Fge | will be

significantly smaller than |g|.) It therefore follows that the preferred estimator - see equation (11) -
for a 4-port scalar reflectometer is also independent of g. On the other hand, if a 3-port
reflectometer is used, one must work with equation (1) because port 3 does not exist. In this case,

the parameter f in equation (1) has three terms which depend on g ; the g5,,S,, term, in

particular, can be large enough to cause significant errors in the measured reflection coefficient.
Furthermore, it was pointed out in the last paragraph of section 1l that the parameter s (for a 4-port
reflectometer) is not diminished by use of the preferred initialization procedure; it is easily shown
that the same is true of the parameter f for the 3-port reflectometer. The parameter f — and
therefore the error in measurements from a 3-port reflectometer — changes whenever g (the
source reflection coefficient of the generator driving the 3-port reflectometer) changes.

Based on these considerations, two significant advantages of the 4-port reflectometer are:

1.  The performance of the 4-port reflectometer is independent of g, the reflection coefficient
of the source which drives it, while a 3-port reflectometer’s performance does depend on
the reflection coefficient of its driving source.

2. If by and b, are measured simultaneously, the 4-port reflectometer is immune to variations
in level from the source. On the other hand, the 3-port reflectometer provides no
mechanism for eliminating the effects of source level variations between measurements.

V. Worst-Case Errors on measurements from a well-initialized scalar 4-port reflectometer

Equation (11), as a real equation, specifies the preferred estimator from a scalar reflectometer;
the magnitude bars are required because the scalar detectors cannot sense vector information.
However, the error mechanisms in the scalar reflectometer are vector in nature. In order to
characterize the errors in the scalar estimator, it is necessary to analyze the vector relationships
obtained by removing the magnitude restraints from equation (11). Thus:

w _q'z+7"

m

,/wswo - sz+1

=w (15)
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Equation (15) shows that w, the preferred estimator for a 4-port scalar reflectometer, is a complex
bilinear transformation of z, the true reflection coefficient of the device being measured.

Inverting equation (15) gives

w—r" a"w+b"
z= = . (16)

-sw+q" cw+1

Therefore, if the locus of w is a circle at the origin of the complex plane, the locus of z will be
another circle of radius Ry whose center lies at the tip of a vector C4. According to equations
(2.153) and (2.154) of Reference (1), Ry and C, are given by

‘ a"_b"c ” w l
- (2.153)
L] ew]
and
b"— " C* w 2
C = -—¥‘——|—|, respectively. (2.154)

1-|ew

Knowing that Ja"| ~ 1, |b”} < 1 and |c] < 1 for a well-initialized 4-port scalar reflectometer, equation
(2.153) shows that R, will be approximately equal to |w| while equation (2.154) shows that |C,| will
very likely exceed R, for smaill values of |w|. Figure 2 depicts a possible relationship between the
locus of w - which is centered at the origin - and the locus of z — which is centered at the tip of C,.

C, zlocus

w|

wlocus \4 /

Figure 2 A possible relationship between w and z loci.

The worst-case error at a given frequency f, WCE;, in a scalar reflectometer measurement, |w|, is
the largest difference between |w| and |z|. It is given by the expressions (see Appendix)

WCE(=|Ci|+Ry-IWw|  if Ry>[w| or[Caf> [wl. (17a)
If W| > R, > [C1[ then WCE; = [Cy] - Ry + w. (17b)
If w| > |C;| > R, then WCE; = |C4] - Ry - [w]. (17¢)

Some important remarks about application of equations (17) are in order. If one uses the complex
values (at a given frequency f) of a”, b” and c to compute the values of R, and |C,, then using the
appropriate equation of (17) gives WCE;, the worst-case error with respect to all possible
phases of w at frequency f. However, WCE; is not worst-case with respect to all possible
phases of a”, b” and ¢ at frequency f.

11



The following development leads to generalized expressions [see equations (22) below] for the
worst-case errors with respect to all possible phases of w as well as those of a”, b” and c.

Al

From equations (2.153) and (2.154), one can compute

» p2_|B'F —la"fIwf
ICII -R = ) 3
I-[c[|w]

or

(1C, 1+R)(C, |—R,)=[“’"' tla'lw] )("’"' —la"liw] J (18)

I-|c|{w] I+|c|w]

Combining equations (17a), (17b) and (17c) with (18) gives

b"| +|a"||w
WCE =(| [ +1a"]] ‘)—-,W, if Ry>|w] or|Cq|> jw|
1-[c||w]
(19a)
where WCE is the worst-case error with respect to all possible phases of w, a”, b” and c.
bll — a" W
WCE = [6°] —la"] [w] +|w]| if w]>R,>|[Cy| (19b)
I+|c||w|
and finally,
b" — a" w
WCE = [6"] —1a"| |w] —|w| ifw]>|C4| >Ry (19c¢)
I+{c||w]
By use of a Taylor’s series, assuming that|c | [w]| <<1,
1 _ -
—— =1F|c| |w]| +]|c[|W] F... (20)
1x|c| |w]

Substituting (20) into (19a) gives (21) i.e.
WCE =|b"|+|w|(|a"| -1+ |cb" )+ |w[ (ca"|+|c 16" D+ |wl (e Fla"|+]eP|b"]) +..

Recalling that |c| = |b"} << |a”"| = 1 in a well-initialized 4-port reflectometer, it is apparent that all
terms in |w|" - where n>2 - in equation (21) can be dropped giving — subject to the conditions R, >
fwl or [Cqf > W] -

WCE =|b"|—|w|(-|a"|-|cb"+|wf (ca"|+]|c[’|b"]). (22a)
Analogously, equation (19b) may be re-written as, subject to the conditions |w| > Ry > |C4|,

WCE =b"|+|w|(-|a"|~|ct"D+|w[ (ca"|+|c[|b"]). (22b)

12



Finally, equation (19¢) may be rewritten as — subject to the conditions |w| > |C4] > R, -
WCE =|b"|—|w|(+|a"|+|cb" )+ |wl (|ca"|+|cP|"]). (22¢)

A significant conclusion to be drawn from equations (22a), (22b) and (22c) is that they may be
generalized to the form

WCE =a+fB|w|+y|w| . (23)

This shows that the worst-case error — with respect to all possible phases of w, a, b and c -
from a well-initialized 4-port scalar reflectometer can be adequately expressed as a quadratic
function of jw|. The values of the real parameters «, 8 and y characterize a particular scalar
reflectometer over a frequency band where the phases of a, b and ¢ may assume any values.
Note that 1) the parameters a and y are always positive and 2) the worst-case error includes a
(usually small) term proportional to |w| - even for a well-initialized scalar reflectometer.

It is important to recognize that, at a particular frequency, WCE; may either increase or
decrease as |w| increases. This is demonstrated in the following table where values of WCE;are
computed for a scalar reflectometer having typical values a” = 1, b” = 0.01 and |c| = 0.1. In the
first two cases considered, the phase of ¢ is 0 degrees; in the final two cases, the phase of cis
180 degrees. Cases 1 and 3 show the situation when the measured reflection coefficient is |w| =
0.1 while cases 2 and 4 apply when |w| = 0.3. The fourth and fifth columns give calculated (see
equations 2.153 and 2.154) values for radius R, and magnitude of vector C,, respectively, which
result from the specified values of a”, b” ¢ and |w|. The sixth column identifies the appropriate —
as determined by the relative values of |wj], R, and |C,4| - equation for computing WCE;. Finally, the
computed value of WCE; appears in the seventh column.

Case c jw| R; IC4 Equation WCE;
1 0.1 0.1 0.09991 0.009 (17b) 0.009
0.1 0.3 0.29997 0.001 (17b) 0.001

3 -0.1 0.1 0.10011 0.011 (17a) 0.011
4 -0.1 0.3 0.30057 0.019 (17a) 0.020

Table 1. Dependence of WCE; on |w| and phase of ¢

Notice that WCE; decreases as |w| increases when the phase of cis 0 in cases 1 and 2. On the
other hand, WCE; increases with increasing jw| when the phase of ¢ is 180 degrees.

The expressions for worst-case error, WCE;, given in equations (17) followed quite naturaily
from the physical operation of a 4-port scalar reflectometer. To conform with current popular
practice, one could try to re-cast these expressions into “standard uncertainties” or “expanded
uncertainties” as recommended by the U.S. Guide to the Expression of Uncertainty in
Measurement’. It appears, however, that this would not be appropriate. Paragraph 3.2.4 of the
Guide states

“It is assumed that the result of a measurement has been corrected for all
recognized significant systematic effects and that every effort has been made to
identify such effects.”

There are three sources of systematic effects in the expression for w from a scalar reflectometer,
namely the ", " and s parameters in equation (15). These quantities are recognized, significant
and produce systematic effects that depend on the value of the device measured. Equations
(2.153) and (2.154) lead to Figure 2 which graphically shows the systematic effects of the three

13



error sources. While it is possible to correct for these systematic effects in vector network
analyzer systems, it is not possible in scalar systems.

The Guide does offer an example (in section F.2.4.5) of a way to incorporate “a single mean
correction” into the combined variance to accommodate situations where it is impossible or
undesirable to eliminate known systematic effects. It appears, however, that such a procedure
would produce an uncertainty statement of no added value. Rather, it would produce one that
weakens the relationship between the uncertainty statement and the physical processes — as
shown in Figure 2 - in the reflectometer which cause the errors.

Summary

It has been shown that the performance of a 4-port scalar reflectometer is entirely
independent of the level instability (if the detector outputs 3 and 4 are measured simultaneously)
and source reflection coefficient of its driving source. A 3-port reflectometer is vulnerabie to both.
The advantage of using an open/short method for initializing the scalar reflectometer has been
quantified; it produces a calibration constant very near to unity. On the other hand, the directivity
and effective source reflection coefficient of the reflectometer remain as error sources. The worst-
case error of a scalar reflectometer measurement depends on the scattering parameters of the
reflectometer and the value, |w|, of the measured device. Three different expressions for worst-
case error — depending on the scattering parameters of the reflectometer and |w| - were given.
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APPENDIX A

This appendix justifies the expressions for WCE given in equations (17a), (17b) and (17c) -
subject to the associated conditions. It also develops the logical conditions for use of the different
expressions for WCE. Figure 2 in the body of the report depicted a possible relationship between

the loci of w and z. For the purposes of this appendix and convenience, one need consider only
the situation when arg(C,) = 0 as shown in Figure A1.

fwi

w locu Z locus

< WCE > | WCE=IC,[+R,- W

Figure A1. A possible relationship between w and z loci when arg(C,)=0.

For the sake of even more brevity, all the necessary information in Figure A1 can be condensed
into Figure A2.

w 4 C1 Z
| | | |
I I I I

< WCE > | WCE=ICI+R,-Iw

Figure A2. Condition: |C,| > R, > |w]|

r

The caption of the figure specifies the size order of |C,}, R; and |w|. In the figure, the points where
the loci intersect the real axis are identified as is the tip of the vector C,. The center part of Figure
A2 graphically shows the worst-case error, WCE, as the distance between (1) the point, z,, on the
z locus that is most remote from the w locus and (2) the point on the w locus that is nearest to z,.
In the right side of the figure, the corresponding algebraic expression for WCE is given. Figures
A3 through A7 show corresponding information for the other five order possibilities.

15



w w z ¢c, z
| | 1
| I T
WCE [ wee=IC+R,- 1wl |

Figure A3. Condition: |C,| > |w| >R,

ZwW wC1 z
| [
i Fl

WCE =|C,| + R, - W|

Figure A4. Condition: R, > [C,| > |w|

c,w z,
| | I
I Il I

| WCE=(C,[*R,- |

Figure A5. Condition: R, > [w|>|{C,|

Z C, z w
| | |
| I Il

| WCE=IC|-R,*Iw

Figure A6. Condition: jw| >R, >|C,]|
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@ | WCE=[C,-R,- Wi

Figure A7. Condition: |w|>|C,| >R,

In Figures A2 through A5, the same expression is used for the WCE while different expressions
are required in Figures A6 and A7. This situation is logically summarized in the Karnaugh map of
Figure A8. Notation used is as follows: X identifies a “don’t care” or impossible condition. The
expression for WCE used in Figures A2 through A5 is identified as expression “1” and is denoted
by a leading “1 —-“. The expression for WCE used in Figure A6 is identified as expression “2” and
is denoted by a leading “2 —*. The expression for WCE used in Figure A7 is identified as
expression “3” and is denoted by a leading “3 —*. The figure where each expression appears is
indicated as a trailing (for example) “— A7".

R, >IC,
2-A6 | 1-A5 X 3-A7
=l %
X 1-A4 | 1-A2 | 1-A3 1G4l > Iwi

R, > W|

Figure A8. Karnaugh map of expressions for WCE

The map indicates that:

Expression 1 should be used if R; > |w} or |C4] > |w].

Expression 2 should be used if |w| > Ry and R, > [C4] i.e. if |w] > Ry > |C4|.
Expression 3 should be used if jw| > |C4] and |C4| > R, i.e. if |w| > |C4| > Ry.
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